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Let k3 be a fixed positive integer and (G, D) be a pair, where D is a
2&(v, k, 1) design and G is a group of automorphisms of D such that G is solvable
and block-transitive on D. If v>(k34+1).(k(k&1)), then v is a power of a prime
number p and G is flag-transitive or GA1L(1, v).  2001 Academic Press
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Since the classification of the 2&(v, k, 1) designs with flag-transitive
automorphism groups has been completed [2], the designs with block-
transitive automorphism groups are of great interest. In this paper we
prove the following theorem:
Main Theorem. Let k3 be a fixed positive integer and (G, D) be a
pair, where D is a 2&(v, k, 1) design and G is a group of automorphisms of
D such that G is solvable and block-transitive on D. If v>(k34+1).(k(k&1)),
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then v is a power of a prime number p and G is flag-transitive or
GA1L(1, v).
According to this theorem, for a given k, with a finite number of excep-
tions, all solvable and block-transitive groups of 2&(v, k, 1) are designs
either flag-transitive or are subgroups of the group A1L(1, v). Thus if
design D admits a solvable group G as its block-transitive automorphism
group, then the pairs (G, D) in the theorem are indeed in three cases: (1)
G is flag-transitive, (2) GA1L(1, v), and (3) the ‘‘exceptional’’ case.
Hence for a given k, in order to list all possible (G, D) we need to deter-
mine the designs D under the condition GA1L(1, v) and to determine
both G and D under the condition v(k34+1).(k) .(k&1).
The bound (k34+1).(k) .(k&1) given in the theorem is by no means a
good one. But our theorem shows that such a bound does exist. Some-
times, especially when k is given, we can find a much better bound.
Our proof of the theorem is based on the Hering theory of solvable
linear groups. In fact we show that under our hypothesis the order of G has
a prime factor which is a p-primitive divisor of pn&1 where pn=v. This
paper can be seen as a continuation of the work in [2, 3].
The proof of the main theorem is in Section 2. In Section 1 we list some
concepts and some known results which will be used in the proof.
The authors thank the referee for pointing out errors in the original
version of this paper.
1. PRELIMINARIES
Before we prove the main theorem, we recall some concepts and elemen-
tary results.
Definition 1.1. A 2&(v, k, 1) design is a system D=(P, B), where P is
a set of v elements called points and B is a collection of some distinguished
k-subsets of P called blocks such that for any two points : and ;, there
exists exactly one block B in B containing both : and ;.
There are two important parameters of a 2&(v, k, 1) design, the number
b of blocks and the number r of all blocks through a point. In fact we have
bk=vr and bk(k&1)=v(v&1). Thus r=(v&1)(k&1).
We can show that bv and so kr. If k=r then v=k2&k+1; if
rk+1, then vk2.
Now we define four other parameters: Set
b1=(b, v), b2=(b, v&1), k1=(k, v), and k2=(k, v&1).
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Thus we have
b=b1b2 , k=k1k2 , v=b1k1 , and r=b2k2 ,
and so v&1=b2k2 (k&1).
Definition 1.2. A permutation g of the point set P of a 2&(v, k, 1)
design D is called an automorphism of D if B g is a block whenever B is
a block of D. The set of all automorphisms of D constitute a group which
is called the automorphism group of D and denoted as Aut(D). Of course
every automorphism g of a design D induces a permutation of the block set
B of D. So g # Aut(D) can also be regarded as a permutation on B. We say
that GAut(D) is point-(block-)transitive if G is transitive on the set P
(on the set B, respectively). Similarly we have the concepts of point-
primitivity and block-primitivity. A pair (:, B) of point : and block B with
: # B is called a flag; we also have the concept of flag-transitivity.
Block [1] proved that if GAut(D) is block-transitive, then G is point-
transitive. Higman and McLaughlin [9] proved that if GAut(D) is
flag-transitive then G is point-primitive.
If GAut(D) is block-transitive on D, then b | |G|. Since G is point-
transitive, then v | |G| too. Thus lcm[v, b]=b1b2 k1 | |G|. About the
automorphism groups of designs we quote some known results:
Lemma 1.1 (Camina and Gagen [4]). Let GAut(D) be a point-tran-
sitive group of automorphisms of a 2&(v, k, 1) design D. If k | v, then G is
flag-transitive.
Lemma 1.2 (Camina and Siemons [5]). Let GAut(D) be a point-
transitive group of automorphisms of a 2&(v, k, 1) design D. Suppose G has
a normal subgroup N regular on the point set P. If there is an element g in
G such that n g=n&1 for every n # N, then k | v and G is flag-transitive.
Lemma 1.3 (Delandtsheer and Doyen [6]). Let GAut(D) and G be
block-transitive on D. If v>(k(k&1)2&1)2, then G is point-primitive.
Our proof is based on the theory of solvable linear groups. We introduce
some relevant concepts and quote some theorems.
Definition 1.3. Let p be a prime number and let n, t be positive
integers. We say that t is a p-primitive divisor of pn&1, if t | ( pn&1) and
(t, pi&1)=1 for all i, 0<i<n. We say that t is the maximum p-primitive
divisor if t is a p-primitive divisor of pn&1 and if t<s, then s is not a
p-primitive divisor.
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Lemma 1.4 (Zsigmondy [10]). pn&1 always possesses a p-primitive
divisor greater than 1, unless n=1 and p=2; n=2 and p+1=2i for some
i, and n=6 and p=2.
We use 8n (x) to denote the nth cyclotomic polynomial. 8n (q) is its
value at x=q. For a prime p set 8n*( p)=8n ( p) f :, where f =(n, 8n ( p))
and : satisfies f : | 8n ( p) but f :+1 does not divide 8n ( p).
Lemma 1.5 (Hering [7]). Suppose p is a prime, n>2 an integer,
f =(n, 8n ( p)){1, and : is the maximum integer such that f : | 8n ( p). Then
f is the maximum prime factor of n and :=1 unless f =n=2 and
p#3(mod 4).
In fact, if 8n*( p){1, then 8n*( p) is the maximal p-primitive divisor of
pn&1 (see [8] for details).
We also need the following elementary lemmas.
Lemma 1.6. Let p, n be two positive integers, then 8n ( p)( p&1).(n),
where .(n) is the value of the Euler function at n.
Proof. It is well-known that 8n (x) is a polynomial in x of degree .(n)
with integer coefficients and the zeros of it are the primitive nth roots of
unity. Now if = # C is a zero of 8n (x) then so is the conjugate = of =. But
( p&=)( p&= )( p&1)2, thus 8n ( p)( p&1).(n).
Lemma 1.7. If n2, then .(n)- n2. In particular, .(n)4 if
n{2, 3, 4, and 6.
Proof. It is obvious.
From Lemma 1.3 we see that if a 2&(v, k, 1) design D admits a solvable
block-transitive group G of automorphims and v is big enough compared
with k, then G is point-primitive and so G has a normal subgroup N which
is elementary abelian and is regular on the point set. Thus G can be regarded
as a subgroup of an affine group and the stabilizer in G of a point is a sub-
group of the linear group GL(n, p), where pn is the order of N. In this case,
we know that if a p-primitive prime divisor divides the order of a solvable
of subgroup V of GL(n, p), then the structure of V is very restricted. In fact
we have
Lemma 1.8 (Hering [8]). Let V be a solvable subgroup of GL(n, p),
r | (8n*( p), |V | ) be a prime and R{1 be an r-subgroup of V. Then if R \V,
V1L(1, pn).
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Lemma 1.9. Let V be a solvable subgroup of GL(n, p), r | (8n*( p), |V | )
a prime, R{1 be a Sylow r-subgroup of V, S be the normal closure of R in
V, F be the Fitting subgroup of V. If R is not normal in V then F is not con-
tained in CV (S) and V has an involution t such that t # Z(V), the center of V.
Proof. (1) If FCV (S), then [R, F][S, F]=1, i.e., RCV (F ).
But since V is solvable, CV (F )F. Therefore RF and indeed R=
Or (V ) \V, a contradiction.
(2) By (1), F satisfies the hypothesis of Theorem A of [8], so V has
a normal subgroup N, such that N=T } Z(N ), where T is an extra-special
group of order 22a+1, and r=n+1=2a+1 for some a1, Z(N) is a cyclic
group of order 2 or 4 and T & Z(N )=Z(T ), NS and Z(N )
CV (T)=Z(V ). The unique involution t in Z(N ) is what we want.
Lemma 1.10. Let G be a group of automorphisms of a 2&(v, k, 1) design
D. If G is solvable, block-transitive and point-primitive, then
(1) There is a prime number p and an integer n, such that v= pn;
(2) If r is a p-primitive divisor of pn&1, such that r | |G|. Then
GA1L(1, pn) or k | v and hence G is flag-transitive.
Proof. (1) is obvious. In this case G=NG0 , where N \G is elemen-
tary abelian of order pn, and N can be viewed as an n-dimensional vector
space over the field GF( p), and G0 is the stabilizer in G of the zero vector,
and so G0GL(n, p).
(2) If r | |G|, then r | |G0 |. Let R be a subgroup of G0 of order r, then
R is irreducible. If R \G0 , then by Lemma 1.8, GA1L(1, pn).
Otherwise, then by Lemma 1.9, G0 contains a central involution t. By
Schur’s lemma t=&I, where I is the unit transformation. By Lemma 1.2,
k | v and hence G is flag-transitive.
2. PROOF OF THE MAIN THEOREM
Now suppose D is a 2&(v, k, 1) design and GAut(D). Suppose G is
solvable and block-transitive and
v>(k34+1).(k(k&1)).
We will prove this theorem in several steps that we give as lemmas. This
is the first one.
Lemma 2.1. If k3, then (k34+1).(k(k&1))>(k(k&1)2&1)2.
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Proof. If k5, then .(k(k&1))8, thus
(k34+1).(k(k&1))(k34+1)8>k6>(k(k&1)2&1)2.
If k=4, then
(434+1).(12)=(434+1)4>43=64,
and (4(4&1)2&1)2=25. If k=3, then
(334+1).(6)=(334+1)2>4=(3(3&1)2&1)2.
Thus in the following we can suppose that G is point-primitive by
Lemma 1.3. Thus v= pn is a prime power and G has a normal subgroup
N which is elementary abelian of order pn. By identifying the point set P
of D with N, we can regard P as an n-dimensional vector space over the
field GF( p), and G0 , the stabilizer in G of the zero vector, is a subgroup
of GL(n, p). In the following we use lower Greek letters to denote the
points of P and capital Latin letters to denote the blocks of D. Thus G:
and GB are the stabilizers in G of the point : and of the block B,
respectively.
We handle the special cases where p=2 or n=2.
Lemma 2.2. If p=2, then G is flag-transitive on D.
Proof. Take a block B=[0, :1 , :2 , ...], where 0 is the zero vector and
:1 , :2 , ... are vectors in P. Since N is the translation group of P, which is
regular on it, then for any 0{:i # B, there is an element ni # N inter-
changing 0 and :i , and so ni # GB . Thus GB is transitive on B, and so G
is flag-transitive.
From now on we suppose that p is an odd prime number.
Lemma 2.3. If n=2 and p#1(mod 4), and if v= p2>(k(k&1)2&1)2,
then GA1L(1, p2).
Proof. In this case v= p2 and 82*( p)=( p+1)2. Since p2>
(k(k&1)2&1)2, we have 82*( p)>k(k&1)4.
It is easily seen that k does not divide v: Otherwise k= p and we have
pp( p&1)2, which implies p=3, contradicting the fact that p#
1(mod 4). Thus (k, v)=1, b1=v, v&1=k(k&1) b2 , and so b2=(v&1)
k(k&1).
Now we claim that b2 is a multiple of some p-primitive divisor of p2&1.
If not, then 82*( p) divides k(k&1) and since 82*( p) is odd, 82*( p) |
k(k&1)2. But we know that 82*( p)>k(k&1)4, so 82*( p)=k(k&1)2
and b2= p&1. (Note that 82*( p)=( p+1)2 since p#1(mod 4)). Now
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|G|=b |GB |= p2 ( p&1) |GB |= p2 |G0 |, where G0GL(2, p) is the stabi-
lizer of the zero vector of P. Thus |G| is even and so is |GB |. Hence
2( p&1) divides |G0 |. But |G0 (G0 & SL(2, p))| divides ( p&1), and hence
G0 contains the unique involution of SL(2, p). By Lemma 1.2 we have k | v,
a contradiction. Our claim is correct. Thus by Lemma 1.10 we know that
GA1L(1, p2).
Lemma 2.4. If n=2 and p#3(mod 4), and if v= p2>(k(k&1)2&1)2,
then G is flag-transitive or GA1L(1, p2).
Proof. If (k, p2)>1 then k= p, and by Lemma 1.1, G is flag-transitive.
So we may suppose that (k, p2)=1. Then k<p since k(k&1)2( p+1).
So b2=( p2&1)k(k&1). If b2 is even, then both b and |GB | are even and
so 4 | |G0 |. In this case since p&1#2(mod 4), |G0 & SL(2, p)| is even and
thus G0 contains the central involution of SL(2, p). By Lemma 1.2, k | v, a
contradiction. Hence b2 is odd. Since p2>(k(k&1)2&1)2, p+1>
k(k&1)2. Let 2a & p2&1 for an integer a, then 2a & k(k&1). Thus 82*( p)
=( p+1)2a&1 and 82*( p)>k(k&1)2a. In particular 82*( p) does not
divide k(k&1)2a. Since 82*( p) is odd, 82*( p) does not divide k(k&1),
which means that b2 has a p-primitive prime divisor of p2&1 as a divisor.
By Lemma 1.10, we get the conclusion.
By Lemmas 2.2, 2.3, and 2.4, we can suppose that n3 and p is odd.
The next lemma shows that if n is big enough compared with k then the
conclusion holds.
Lemma 2.5. If v= pn and n>.(k) and n>.(k&1), then G
A1L(1, pn) or G is flag-transitive.
Proof. Now v&1= pn&1=b2k2 (k&1), and so
b2=( pn&1)(k2 (k&1)).
Let s be a prime divisor of k2 (k&1), then s | k2 or s | (k&1), and then since
s{ p, p.(k2)#1(mod s) or p.(k&1)#1(mod s). But .(k2)<.(k)<n and
.(k&1)<n, and so s is not a p-primitive divisor of pn&1. By Lemma 1.4,
pn&1 has a p-primitive prime divisor, say t, and then t does not divide
k2 (k&1). Thus t | b2 , and by Lemma 1.10, we get the conclusion.
Thus we only need to consider the case where n3 and either n.(k)
or n.(k&1). If n7 then by Lemma 1.7, .(n)4. Using this fact we
show that if n7, then the theorem holds.
Lemma 2.6. If v= pn, v>(k34+1).(k(k&1)) and n7, then G
A1L(1, v) or G is flag-transitive.
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Proof. By Lemma 2.5, if n>.(k) and n>.(k&1), then the conclusion
holds. Thus we may assume that n.(k) .(k&1). Since
v= pn>(k34+1).(k(k&1)), it follows that p>k34+1. Let d be the mini-
mum positive integer such that pd#1(mod k2 (k&1)). Then since
pn&1=b2k2 (k&1), d is a divisor of n. If d<n, then no prime divisor of
k2 (k&1) is a p-primitive prime divisor of pn&1 and so b2 has a p-primitive
prime divisor of pn&1 as a factor and the conclusion holds by Lemma
1.10.
Suppose d=n. Then n | .(k2) .(k&1). If f is the maximum prime factor
of n, then f | .(k2) or f | .(k&1), and in both cases f<k. By Lemmas 1.6
and 1.7 we have
8n*( p)>8n ( p)k( p&1).(n)k( p&1)4k.
On the other hand we know that p>k34+1, so
8n*( p)>( p&1)4kk3k=k2>k(k&1).
In particular 8n*( p)>k2 (k&1). Hence 8n*( p) does not divide k2 (k&1)
and b2 is divisible by a p-primitive prime divisor of pn&1. The conclusion
is obtained as before by Lemma 1.10.
By the above two lemmas, the only cases remaining are the cases where
3n6. In order to consider these cases we need an explicit formula
for 8n*( p). In the cases where 3n5, we only suppose that
pn>(k(k&1)2&1)2 as in Lemmas 2.2, 2.3, and 2.4.
Lemma 2.7. If v= p3 where p is an odd prime and v>(k(k&1)2&1)2,
then GA1L(1, p3) or G is flag-transitive.
Proof. First suppose that ( p, k){1, so that kp. Since
p3>(k(k&1)2&1)2,
we know that
k3(k(k&1)2&1)2.
Thus k6 and so k= p=3 or 5. By Lemma 1.1, we see that G is
flag-transitive.
Now suppose that (k, p)=1, and that 83*( p) | k(k&1)2. We know that
83*( p)=( p2+ p+1)f, where f =1 or 3 and f =3 if and only if 3 | ( p&1).
If f =1 then since 83*( p) | k(k&1)2, and p3>(k(k&1)2&1)2, we know
that p2+ p+1k(k&1)2p32+1, But this is impossible. If f =3, then
p2+ p+13( p32+1) and so p2+ p&2<3p32. Hence p&1<3 - p, and
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so p<11. But f =3 if and only if 3 | p&1, and so p=7. Since 83*(7)=19
and 19 | k(k&1)2, it follows that k=19 or k=20. But in both cases
(k(k&1)2&1)2>73, a contradiction. Hence in the case where (k, v)=1,
83*( p) does not divide k(k&1)2. Since 83*( p) is odd, 83*( p) does not
divide k(k&1). Thus b2=( p3&1)k(k&1) has a p-primitive divisor of
p3&1 as its divisor. By Lemma 1.10 we get the conclusion.
Lemma 2.8. If v= p5, where p is an odd prime and v>(k(k&1)2&1)2,
then GA1L(1, p5) or G is flag-transitive.
Proof. Now 85*( p)=( p4+ p3+ p2+ p+1) f, where f =1 or 5. Sup-
pose that 85*( p) divides k(k&1)2. Then 85*( p)k(k&1)2<p52+1, it
follows that p4+ p3+ p2+ p+1<5( p52+1), which is impossible as p is
an odd prime. Thus b2 is divisible by a p-primitive prime divisor of p5&1.
By Lemma 1.10, we get the conclusion.
Lemma 2.9. If v= p4 where p is an odd prime and v>(k(k&1)2&1)2,
then GA1L(1, p4) or G is flag-transitive.
Proof. In this case 84*( p)=( p2+1)2. Since p4>(k(k&1)2&1)2,
p2+1>k(k&1)2. From this and the fact that 84*( p) is odd, it follows
that either 84*( p) does not divide k(k&1) or p2+1=k(k&1). If 84*( p)
does not divide k(k&1), then 84*( p) does not divide k2 (k&1), and so b2
has a p-primitive prime divisor of p4&1 as its divisor and the conclusion
follows from Lemma 1.10. If p2+1=k(k&1), then 4p2+5=(2k&1)2 is a
square, which implies that p=1. This is impossible.
Finally we handle the case where n=6. This time we need the strong
condition that v>(k34+1).(k) .(k&1).
Lemma 2.10. If v= p6 where p is an odd prime and v>
(k34+1).(k) .(k&1), then GA1L(1, p6) or G is flag-transitive.
Proof. If k6, then both .(k) and .(k&1) are less then 6, and so by
Lemma 2.5 the conclusion holds. If k>7, then .(k)4 and .(k&1)4.
Thus
p6>(k34+1).(k) .(k&1)(k34+1)16>k12.
and so p>k2. But 86*( p)=( p2& p+1) f, where f =1 or 3, and hence
86*( p)>(k2 (k2&1)+1)3>k(k&1). Hence if k>7, then 86*( p) does not
divide k(k&1)2. If k=7, then
p6>(734+1).(42)=(734+1)12>79
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and so p2>343. Thus p19 and 86*( p)>7(7&1)2, and again 86*( p)
does not divide k(k&1)2. Hence in all cases, b2 has a prime factor r such
that r | 86*( p) and we get the conclusion by Lemma 1.10.
This completes the proof of our theorem.
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